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1. Main features of Big Bang history

Temperature T , Boltzmann constant kB, often ~ = c = kB = 1

E = kBT 1 eV = 104 K mpc
2 = 1013 K

Probability of observing particle of mass m

P ∝ exp

(

−mc2

kBT

)

If mc2 ≪ kBT , then radiation dominated, energy density ρ

ρbosons =
gbπ

2k4
B

30~3c3
T 4 ρfermions =

7gfπ
2k4

B

240~3c3
T 4

gb, gf = number of spin states and species
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Particle interactions inhibited by expansion, characteristic reac-
tion time or reaction rate, τ = 1/Γ

τchar ≪
1

H(t)
Γchar ≫ H(t)

Otherwise particles leave thermal equilibrium.

Rate equation for particles of type i, i + j ↔ k + l

dni

dt
= −3

ȧ

a
ni + Γk+l→i+jnknl − Γi+j→k+lninj

ȧ/a = H
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2. Phase transitions in the early universe

1019 GeV, 10−43 s, Planck scale, quantum gravity ?

1015 GeV : grand unification phase transition ( ?). Leptoquarks
acquire a mass and disappear from equilibrium

103 GeV : electroweak phase transition, W±, Z0 and Higgs
acquire a mass and disappear from equilibrium

200 Mev : quark hadron phase transition. Quark-gluon plasma
=⇒ protons and neutrons, confinement transition

1 MeV : neutrino decoupling, Tν = (4/11)1/4 Tγ. Plasma of
charged particles : protons and electrons and neutral par-
ticles : photons, neutrons, and neutrinos
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Dominance of matter over antimatter : antibaryons and posi-
trons do not survive

nB

nγ

≃ 5 × 10−10

One nucleon for about 2 billions photons. No good explana-
tion, CP violation ?

3. Primordial nucleosynthesis

Formation of light nuclei, mainly 4He. Heavier nuclei up to Fe
A ≤ 56 formed in ordinary stars, still heavier nuclei A ≥ 56 in
supernovae explosions. Bottleneck at A = 8, no stable nucleus,
need collisions of three 4He nuclei : 34He →12 C
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4He synthesis begins T ≃ 70 keV and ends T ≃ 30 keV. Main
factor is Boltzmann factor : at equilibrium

nn

np

(T ) = exp

(

−(mn − mp)c
2

kBT

)

Equilibrium governed by reactions

νe + n ↔ p + e−

e+ + n ↔ p + νe

n ↔ p + e− + νe

In practice neutron decay plays a small role. Neutrinos de-
couple at freezing temperature TF , H(TF ) ∼ Γ

Γ(T ) ≃ nν(T )〈σv〉 ∼ G2
FT 5
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(GF = Fermi constant). Freezing temperature TF given by

G2
FT 5

F =

(

8π

3
Gρ

)1/2

ρ ∝ gT 4

g =number of states, spin and species. Numerically

TF ∼ g1/6 × MeV

Allows us to compute the nn/np ratio at TF , nn/np(TF ) ≃ 1/6

When T drops to about εB/25, εB = deuterium binding energy
= 2.23 MeV, almost all neutrons are bound in helium nuclei :
4He formation ends at about t = 3 minutes. Also small amount
of deuterium, lithium and 3He.

Why 70 keV ? n + p ↔ d + γ

npnn〈σnpv〉T = ndnγ〈σdγ〉T
but np ≪ nγ so that nd stays small until Eγ ≪ 2.23 MeV
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4. Cosmic Microwave Background

For T ≫ 3000 K, mean free path of photons very short due to
Thomson scattering on free electrons

γ + e− ↔ γ + e−

universe opaque to photons.

T ∼ 3000 K, t ≃ 380 000 years : atoms begin to form, mean
free path increases dramatically and universe becomes trans-
parent to photons, photons decouple. Surface of last scatte-
ring, decoupling takes about 50 000 years. Why 0.3 eV rather
than ionization energy 10 eV ?
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After decoupling, gas of free photons whose dynamics is go-
verned uniquely by expansion, λ ∝ a(t) ∝ 1/T . Today CMB
temperature = 2.73 K, so zdec ≃ 1 100

CMB temperature fluctuations

Satellites : COBE (1992), WMAP (2003), Planck (2014)

Gives a snapshot of the universe 380 000 years after Big Bang
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Fig. 3 – The Cosmic Microwave Background as measured by Planck.
Orange (blue) zones : higher (lower) temperatures. universe 13.4 billion
years ago
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Fluctuations on the order of 10−5, very important, believed
to be the seed for the formation of large structures at z ∼ 10.
Temperature fluctuations reveal density fluctuations.

Large structure formation : gravitational instability. Two ef-
fects work against it

1. universe expansion, tends to dilute matter (Lifshitz and
Zeldovich)

2. Radiation pressure, as in stars

Understanding temperature fluctuations. Sound waves in the
plasma : photons, baryons, electrons and neutrinos (decou-
pled), dark matter with gravitational coupling only. Sound
waves with velocity cs = c/

√
3, related to P = ρ/3.
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How a sound wave develops

1. z = 82 000 (t ≃ 110 years). A fluctuation creates an ex-
cess of density at the origin

2. z = 1 440 (t ≃ 0.2 × 106 years). Protons and photons are
strongly coupled and propagate to the right

3. z = 1 080 (t ≃ 0.38 × 106 years). Protons and photons
decouple and sound wave stops

4. z = 80 (t ≃ 23.4×106 years). Because of gravitation, dark
matter distribution becomes roughly similar to proton
distribution. Acoustic peak reflected in distribution of
galaxies
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First consequence of acoustic peak : distribution of galaxies.
Distance traveled by the peak in approximate model (see lec-
ture 2), or acoustic horizon

l = ct0[3/(1 + zdec.)]
1/2

√
3 comes from sound velocity. With t0 ≃ 1.4 × 1010 years we

find l ≃ 7.3 × 108 l-y, numerical value l ≃ 4.8 × 108 l-y
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Fig. 5 – Footprint of the acoustic peak in the galaxy distribution. Ver-
tical axis : distance between galaxies for all possible pairings. Horizontal
axis : comoving distance, h = 0.71. The peak in the distribution is loca-
ted at 480 000 l-y.
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Angular analysis of temperature fluctuations

∆t(n̂) =
∑

l,m

almY lm(θ, ϕ) n̂ = (θ, ϕ)

Harmonic analysis (peak structure) gives information on : ba-
ryonic matter density, dark matter density, dark energy den-
sity, space curvature

Characteristic angular scale of 1 degree

θ ≃ [3(1 + zdec.)]
−1/2

Peak at l ≃ π/θ ≃ 200
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Fig. 6 – Angular analysis of temperature fluctuations as measured by
Planck
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5. Successes and shortcomings of ΛCDM

Standard model of cosmology : ΛCDM. Λ= cosmological constant,
CDM = Cold Dark Matter. Cold = non relativistic particles.

All observations consistent with the following proportions

1. Ordinary, or baryonic, matter : 5%

2. Dark matter : 25%

3. Dark energy : 70%
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Successes of ΛCDM

1. Consistent description of the history of the universe

2. Correct prediction of the amount of 4He

3. Correct prediction of CMB and of its temperature

4. Explanation of angular scale of temperature fluctuations

Shortcomings of ΛCDM

1. Origin of dark matter and dark energy unknown

2. Horizon problem

3. Flatness problem and fine tuning

Dark matter : stable particles, search for WIMPS (weakly
interacting massive particles), maybe LSP : neutralinos ( ?).
Modified gravity at very small accelerations (MOND) ?
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Flatness problem

Ω(t) − 1 =
kc2

R2ȧ2(t)
Ω(t) =

8πGρ(t)

3H2(t)

Matter dominated universe

Ω(t) − 1 = (Ω0 − 1)
a(t)

a(t0

Ω = 1 unstable solution ! If Ω0−1 ≃ 10−2, then at 4He forma-
tion Ω(t) − 1 ≃ 10−16 ! Needs fine tuning, considered as not
natural. Solution( ?) to 2 and 3 : inflation

6. Inflation

Conformal time τ (H(a) = ȧ/a)

τ =

∫ t dt

a(t)
=

∫ a da

a

dt

da
=

∫ a da

a2H(a)
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Radiation dominated : H(a) = H0(a0/a)2

τ =
1

a0H0

a

Matter dominated : H(a) = H0(a0/a)3/2

τ =
2

H0a
3/2

0

a3/2

In both cases τ increases with a. The horizon problem comes
from decelerating universe : ä < 0. Look for ä > 0 !
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Fig. 7 – Conformal diagram of standard Big Bang
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Inflation phase : a2 ≤ a ≤ a1, a2 ≪ a1. Inflation begins at a2

and ends at a1. Assume ρ(t) = ρ1 = constant in interval

ȧ

a
= ±

√

8πG

3
ρ1 = ±

√

H1 = cst

τ(a) = −
∫ a1

a

da

a2H1

=
1

H1

(

1

a1

− 1

a

)

≃ − 1

H1a

τ → −∞ if a → 0 : the conformal time increases when a
decreases ! and the a → 0 singularity is pushed to τ → −∞.
Note τ ∝ 1/a and not aα, α > 0. Distance to horizon

dhor(a) = a0

∫ a

a2

da

a2H1

∼ a0

H1a2

= constant

Main contribution to dhor comes from a → 0 !
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Condition for inflation : comoving Hubble radius (aH)−1 de-
creases with time

d

dt

(

1

aH

)

< 0 =⇒ d2a

dt2
> 0 =⇒ (ρ + 3P) < 0

The comoving Hubble radius 1/(aH decreases.
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Fig. 8 – Conformal diagram of Big Bang with inflation
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Solution of the horizon problem : horizon should include present
horizon

dhor(a1) ≥ H−1
0 =⇒ a0

a1

a1

a2

H−1
1 ≥ H−1

0 =⇒ a1

a2

∼ a1

a0

√

ρ1

ρ0

Compute H1 : radiation dominated at a1 (end of inflation)

ρ1

ρ0

=
ρR(t0)

ρM (t0

(

a0

a1

)4

∼ 10−4

(

a0

a1

)4

Therefore a1

a2

> 10−2 a0

a1

If inflation corresponds to GUT phase transition, T ∼ 1015 GeV,
a0/a1 ∼ 1028

a1

a2

∼ 1026 ∼ e60
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Duration : 60/H1 ∼ 10−34 s

Flatness problem

|1 − Ω(a)| =
1

(aH)2

(aH)−1 decreases during inflation, drives universe toward flat-
ness.

Model for inflation : scalar field (inflaton) φ(xµ) ≃ φ(t) cou-
pled to gravity

S =

∫

d4x
√

g

[

1

2
R +

1

2
gµν∂µφ∂νφ − V (φ)

]
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From T µν obtain ρ and P

ρφ =
1

2
φ̇2 + V (φ)

Pφ =
1

2
φ̇2 − V (φ)

If V ≃ constant and φ̇ ≃ 0, then ρ + 3P = −2V (φ) < 0
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Fig. 9 – The inflaton potential V (φ)
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Fig. 10 – Quantum fluctuation of the inflaton field leads to fluctuations
observed in CMB and galaxy distribution
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Two divergent points of view on inflation

1. Inflation is part of the standard model of cosmology

2. Inflation raises more problems than it solves
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